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I. INTRODUCTION 
In recent years there has been an increase in interest in the 
problems of strength and deformation of highly e lastic materials. A 
number of simpler cases which have been solved indicate some markedly 
different characteristics from their counterparts in infinitesimal elas-
ticity. References 1 and 2 discuss these cases in some detail. 
It seems natural therefore to ask whether in the problem areas 
of fracture in which the application of the infinitesimal theory of elas-
ticity has met with some success in brittle elastic materials an equally 
marked difference in behavior would result if the possibility of large 
strains were included in the analyses. 
The question is more easily asked than answered since the inclu-
sion of the possibility of large strains often complicates the problem 
mathematically many fold. Only recently, Williams and Schapery 3 
considered large strains in the instability analysis of the spherical cavity. 
One of their conclusions is that the strain at the cavity increases without 
bound as the cavity becomes vanishingly small, at a finite critical tensile 
loading at some large radius. The results of Williams and Schapery thus 
reinforce the suspicion held by many that large strain would play an impor-
tant role in the study of fracture mechanics of highly e lastic materials. 
The present paper is devoted to the analogous problem of a plane 
sheet containing a circular hole while at some large radius an axially sym-
metric tensile loading p per unit length of the stre tched boundary is applied. 
Notations of references 2 and 3 will be generally adopted and, their expla .. 
nations will be provide d whe never necessary for clarity. 
II. THE PERF ORATED-SHEET PROBLEM 
This problem has been studied by Rivlin and Thomas 4 in some 
detail in 1950. It is seen that even in this -- from the viewpoint of the 
infinitesimal elasticity-- simple problem, the equations are so com-
plicated that they had to be solved by a numerical procedure. The solu-
tion of Rivlin and Thomas is given for the neighborhood of the hole only 
up to x = 3, where x is the radius of a point in the unstretched sheet r 
divided by the unstretched hole radius a • As in refe rence 2, capital 
l e tters denote corresponding entities in the stretched sheet, such as R 
and A. 
T he numerical procedure of Rivlin and Thomas would become 
extremely laborious if the relation between p and A is desired. Here 
a 
A is defined as A / a . Thus in the following, an approximate solution 
a 
based on a variational method is given. It is worthy of note that a varia-
tional solution has merit because it can be compared with the exact, though 
incomplete, solution of Rivlin and Thomas. Another reason for adopting 
the variational method is that, as in the instability analysis of Williams and 
Schapery, a simple algebraic relation between p and A is desired for 
a 
subsequent u se. 
The solution of Rivlin and Thomas suggests that the approximation 
( 1) 
is possibly a reasonable one, w here A2 is the circular stretch ratio. Then 
the radial stre t ch ratio Al and t he thickness stretch ratio A3 are determined 
from 
(2) 
and 
(3) 
where eq. (3) actually expresses the incompressibility. 
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The stress resultants T 1 and T 2 computed from differentials 
f h . f . 4 o t e stra1n e n e rgy unct1on ar_e 
= (4) 
In eqs (4), the material has alr e ady been assumed t o be Neo-Hookean, 
i. e. , 
E 
w = 6 (I1 - 3) (5) 
is the strain ene r gy function, w ith 
(6) 
In eq (5), E is the Young's Modulus of infinite simal elasticity. 
At x = 1 (i. e. at the hole, r =a) T 1 = 0. Hence t-.. 1 = t-..3 at the 
hole. U sing this, together with the conditions that a t the hole, t-..2 = A.a; 
and A. = A.
00 
as x _, oo , the stretch rati o s t-.. 1 and t-..2 can be written equiva-
lently in the form 
A. = A. 1 (A. 1 ) A. = A. + l_ ( A. + ..J_ -2 A. ) 1 oo- 2 - - ' 2 oo x a - oo 
x oo ~ -/ A.a 
(7) 
1 1 
+ 2 (A. - -) 
X 
00 A 
a 
It must be noted that for applying the minimum potential energy p rinciple 
(p. 79, R e f 1 ), only the c ondition t-..2 = A. a at the boundary of the hole need 
be used to e liminate one of t he three f unctions (c 1, c 2 , or c 3 ) in eq (1). The 
r e maining two functions could be obtained by using the energy principle itself. 
Howev e r, for a better approximation near the hole eqn (7) will be used, whe re 
two of the three functi on s h ave been fixed by the boundary conditions and the 
third will be fixed by the variation. T hat is the variational principle w ill 
provide the nee d e d r e lation between A. and A. 
oo a 
This last r e lation i s 
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equivalent to the relation between p and A , as will be seen m the dis-
a 
cussion immediately following. 
At a sufficiently large radius, the state of stress is equivalent 
to that in an unperforated sheet. Since the latter is in a state of equi-
B biax ial tension, 1>.. 1 = 1>..2 = f>..b = b . Then 
"(5) 
and 
u = W d Vol. = 2!.Ehb2 (2 ~ 2 + ~ - 4 - 3) 6 b b (8) 
whe r e U is the total strain e n e rgy of the s h ee t . On the other hand, 
6 V = 2rrBp6 B 
where the potential energy V of the external load p is equal to the total 
load acting on the external boundary of the medium times the displacement 
of that boundary. Now 
6 (U - V) = 0, i.e . , au a~ = 
av 
(J ).._ 
b 
and c ombining with eqns (5) and (8) gives 
p = (9) 
-6 The term Jl..b , though often small and hence having very little influence 
on the mag nitude of p , doe s uniquely determine p when A.b is give n. 
Moreover, e q . (9 ) states that p must b e i n creased to further stre tch the 
sheet. W e now identify A.b of the unperforated sheet with the \o of eqs (7 ). 
Hence it is now obvious that if the relation between A. and A. is known, 
oo a 
then the r e lation between p and A. is also known, and vice versa. 
a 
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Assuming A.3 negligible for the sheet with a hole and using 
eqs (7) one finds 
b 
U = .!. Eh I [ A. 2 + A. 2 - 3 ] rdr = 3 J 1 2 
a 
'IT 2 rY 2 2 3 Eha f (A. 1 + 0-_2 - 3 ) xdx 
+(A. + __l_ - 2 A. llog y + 2(A. - - 1 - }·( A. + - 1- - 2A. }{l - - 1 } 
a '~:' oo oo J>:: a 'r oo y 
v Aa a v~a 
(1 0) 
wh e re y = b / a . 
6 V = 2TIBp 6 B (11) 
As y- oo 
'IT 2 [ 2 1 - 1 -2 3 U =- Ehb A. + 2 A. (A. + - - 2 A. ) y + O(y ) + ..• --J 
3 oo ooa A oo 2 
a (12) 
2 6 V = 2Tipb A. 6 A. 
00 00 
Using eqs. (12) in the variational principle 6 (U - V) = 0, 
A. +(A. + _1_ 
oo a ~ -
4 \ )y-1 0( -2 ) 3p \ ~00 + y = Eli f\. 00 
v A.a 
Since lE_ Eh 
-6 
= 1 f r om e q. ( 9 ) , if ~ ~ 1 
A. 
00 
= i. (A. + _1_) 
4 a r.:-
v A.a 
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(13) 
(14) 
If instead eq. (9) is used, i.e., 3 P = l - A - 6 , then eq. (13) is still 
_6 Eh oo 
approximately true if A ~ l . But then eq. (13) was intended to 
00 
be only approximately true to begin with, because of the approximate 
variational method employed. 
It may be remarked that A3 is not small in comparison w ith Al 
near the hole, since A1 = A3 at the hole. However A3 is small through-
out the rest of the sheet and therefore its integrated effect is small. 
Herein then lie s the reason for the additional requirement in obtaining 
the assumed A1 and A2 of eqs. (7) -- to improve the approximation of 
the stress state near the hole. Using eq. (14), the A2 of eqs. (7) can 
now be computed. Figure l compares the present approximate solution 
with the exact solution of R ivlin and Thomas for A = 6. 01 and 4 . 6 7 
a 
(Figure 1 of Ref. 4). Also shown are curves cal culated from the equation 
(15) 
which was given m R ef. 4 to be valid only near the hole but are neverthe-
less included here for the convenience of the subsequent discussions. 
Higher values of Aa were chosen since neglecting A3 precludes the adoption 
of the still lower values of A corresponding to the lower values of A , 
oo a 
i.e. A > 3~ since A > 1 . For an improved approximation including A3 a oo 
in the strain ene rgy function and where it is hence only necessary that 
A > 1 , see appendix A eq. (A1 ). 
a 
It is interesting to note that even as far out as x = 3, the exact and 
approximate solutions of Ref. 4 are reasonably close, especially for the 
case A = 4. 67 . The approximate solution of eq. 7 for A = 4 . 67 falls in 
a a 
between, which at x = 3 has a val ue of A2 = 2 , 23 • Howeve r as x __, oo , the 
approximate solution of R ef. 4, eq. 15 here , tends to unity, w hile the 
approximate solution eq. (7) tends to A = 1. 28. 
00 
For the case of A = 6 . 01 , the approximate solution eq. (7), which 
a 
at x = 3 has a value of A2 = 2. 80, is above the e xact solution. As x ..... oo , 
the approximate solution of eq. (7) tends to A = 1. 60 . 
00 
- 6-
Because of the slow decrease of t...2 with x , it is desirable to 
extend the calculation of the exact solution up to very large values of x 
Since this is such a laborious process (as shown by Ref. 4) a simple 
experiment described in Appendix A was performed. The experimental 
results then serve as a partial check of the validity of the approximate 
solution eq. (7 ). 
The nature of the deformation seems to indicate that there is no 
11boundary layer 11 as such, since the influence of the hole diminishes 
slowly and propagates far, i.e. to distances many times the hole diameter. 
This feature is distinctly differe nt from that in infinitesimal elasticity in 
which the influence of the hole is comparatively l ocalized. Also, within 
finite elasticity itself the plane strain case (i.e. the cylinder problem, see 
Appendix B) is markedly diffe rent from the plane stress case. In the 
former, "- I increases toward unity as x _,co, while in the latter "-I increases 
from l e ss than unity, subsequently past unity, and then toward A. as x _,co 
CX) 
(as shown by eq. (7)). This feature is again distinctly different from that 
in infinitesimal e lasticity in which the plane strain and the plane stress 
cases are qualitatively the same. Thus it may be said that the thinning 
down of the sheet material should i n general play a rathe r decisive role in 
the membrane problems of large e lastic deformations. 
A question may now be raised as to the justification 
t... 3 in the case of "-a = 4. 6 7 , since in this case (t...3 ) = 
of neglecting 
1 
2 , which (1. 28) x=oo 
is not really small in comparison with (1. 28 )2 + (1. 28 )2 To include t... 3 
m eq. (10), it is noted that the coeffic ie nts of x - 2 terms are small and hence 
these terms soon become insignificant when x becomes large. Thus 
A. -3 -
- 1 
(A. I 1...2 (l ~ {A. [A. + ( A. + _I- - 21... )/x J} 
co co a r:-- co 
v "-a 
which when included in eq. (IO) would modify eq . (I3) to become 
= 
3p A. 
Eh co 
- 7 -
3p -6 Since to be consistent, now Eh = 1 - A
00 
eq. (1-3) is seen to again give approximately 4A = (X) 
; the modified 
A 
a 
+ 
1 
, which 
.fC" a 
is exactly eq. (14). This point will be further discussed in Appendix A 
whe re the experimental results will also be given. It suffices to say at 
this point that the improvement of eq. (14), while it is not anywhere as 
simple an expression as eq. (14), does not qualitatively change the dis-
cussion of the next section. For still smaller strains, approximate 
methods are available elsewhere 5 . 
III. THE QUESTION OF CRITERION OF RUPTURE 
a. The Griffith Criterion in Infinitesimal Elasticity 
In order to discuss more clearly the question of criticality, the 
corresponding problem in infinitesimal elastic ity, i.e., Griffithts prob-
1 . . d h f. t 6 • 7 em, 1s rev1ewe ere 1rs : 
In his criterion Griffith has applied the Minimum Potential Energy 
_,_ 
T heorem··-, 
0a { I udiff dV 
v 
(16) 
where U is the strain energy, p is the prescribed boundary force, u is 
the (unpresc ribed) boundary displacement, the subscript i is the indicia! 
notation, S indicates boundaries on which forces are prescribed, and the p 
subscript 11diff 11 means 11difference 11 • For example, Udiff = Uhole -Uno hole 
=strain energy stored in the perforated sheet minus strain ene r gy stored 
in the same sheet w ithout the hole. 
For the perforated sheet under all around tension, it is easily 
found that 
* More correctly, we should say that Griffith's energy criterion can be 
interpreted as an application of the Minimum Potential Energy Theorm 
if the surface tension is regarded a s an external force and surface energy 
the Potential of the external work. Note that surface tension cannot other-
w ise be accounted for in the conventional elasticity theory . 
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u hole 
TT 2 2 2 -2 
=Epa [(1-v)(y -1)-(l+v)(y -1)] 
on the other hand 
TT 2 2 . 2 
uno hole = "E P a (l - v ) Y 
Thus 
udi££ = 
2TT 
E 
2 2 p a v 
(1 7) 
(18) 
(19) 
The second term of eq. (16), the potential due to external work, 
has two parts, namely that due to tension p at radius b and that due to 
surface tension T at radius a . Denoting the potential energy due to 
external work by V , it is easy to see that V cliff due to tension p at 
radius b vanishes as b _, co , w hereas V cliff due to surface tension T 
is simply 
V cliff = 2rra T (2 0) 
Hence, from eqs. (19) and (20) Griffithrs Criterion 
fiE 
p cr ·= JZ;-;;v (21) 
results. 
b. The Question of a Criterion of Ruptur e in Large Strain 
First the Udiff (the integrated Udiff) must be calculated for this 
case. 
Hence 
udiff 
Uh l is given in eq. (12) while U h l is simply .!.Ehb2 (2>-.. 2 - 3). 
o e no o e 6 co 
= TT3 Eh b 2 [ 2 A (>-.. 
co a 
1 - 1 -2 
+-- -2>- )y +O(y ) +···] 
~ co 
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(22) 
Recalling that y = b /a, Udiff is therefore seen to increase linearly 
with b as b __. co • This is in sharp contrast to eq. (19) which depends 
only on the hole radius a . Without proceeding further, it may be 
expected that p for the large strain case corresponding to eq. (21) 
cr 
cannot be obtained by the present approach. Instead, we must re-exam-
ine the assumption eqs. (7). 
An obvious deficiency of eqs. (7) is that they do not tend to the 
strain expressions in infinitesimal elasticity whe n the extension ratios 
tend to unity. This can be seen by writing A.2 = l + e:8 , e: 8 ~ l , etc., 
- 1 
and carrying out the algebra. The term in x has no counterpart 
in infinitesimal elasticity. 
-1 The x term is not essential as far as the assumed strain expres-
sions are concerned. For example, one could use 
(23) 
which satisfy the compatibility and the boundary condition for displacements. 
H owever, eqs. (23) do not satisfy the stress condition at the hole, nor do 
they give rise to a realistic relati on between A. and A through the Varia-
co a 
tional equation 6 (U - V) = 0 . If the stress condition at the hole is imposed 
as a means of obtaining a relation between A and A , then eqs. (23) give a 
co a 
much wor se fit to the experimental curves than eqs. (7). Moreover, adding 
higher power terms in x-l to eqs. (23) will not basically improve the situa-
tion. 
The only explanation at this point is that in the approx imate eqs. (7) 
quantities that are unimportant when strains are reasonably large but rapidly 
beco~ dominant as strains tend to zero are neglected. Hence the transi-
tion to the case of infinitesimal e lasticity cannot be made. This remains 
the ref ore as a challenge t o future inve stigations. 
The failure to obtain a satisfactory solution cannot of course be the 
basis for the rejection of the energy criter ion of crack initiation. However, 
this fact w as borne out rathe r consistently in the experiments. In all the 
exp e riments performed by the w riter, none has cracked precipitously. Some 
of the sheets w ere stretched to such an extent that the material near the hole 
becomes highly crystallized, hard, and sharp as a knife rs edge. 
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IV. A POSSIBLE F AlLURE CRITERION 
The question naturally arises then: what replaces the energy 
cr i terion as a failure criterion? Since unlike the plane strain case 
(see Appendix B), the strain at the hole now does not tend to ro as 
a ...... 0, a simple criterion of max imum direct stress therefore does not 
appear unnatural. In fact a stress concentration factor can be obtained 
as follows. 
From eqs. (4) 
er e (T2/ ht..3 )x = 1 
~(A. 2 .. A. -1) 
3- a a 
-- = (T 1/hA.)x 
= ~(A. 2 _ A. -4) ~ er = ro ro 3 ro oo 
Now from eq. (14) 
er 
CX> 
= l 6 [ A. I (A. + __!_ ) J 2 ~ l 6 ( l - A - 312 ) 
a a /A a 
" a 
( :a ) 2 (24) 
CX> 
(25) 
Hence as "-a __, oo, ere/er
00 
= 16. This last solution resembles the infin-
ite simal elasticity solution which gives that as the hole radius tends to 
ze ro the stress concentration factor remains a finite value . Another 
similarity is that eq. (25), as in infinitesimal elasticity, the stress con -
centration factor is independent of the actual hole size. However, there 
is this 
factor 
differ e nce . Eq. (25) depends also on deformation, exhibited by the 
1 - A. - 3/2. . 
a 
Although ther e i s no critical extension ratio, nor c r itical hole size, 
1n a perforated sheet under large deformation, there is a critical p , 
c 
w hich corresponds to er e = er ' w h e r e er is the failure stress (or the 
c c 
fracture stress) of the mat erial in tens ion . Using eqns . (24) and (3) 
PC 
h = (A.3er ) ro cr = 
It is desired now to express p / h i n terms of A. 
c CX> 
is found approx imately 
A. 
a 
= 4 A. 
CX> 
1 
---
2~ 
ro 
-1 1-
Inverting eq. (14), it 
Hence A. 
2 ~ 16A. 2 (1 a ~ oo Therefore 
(26) 
Eq. (26) states that if cr and h are given, then p depends only on the 
c c 
gross stretch ratio A.
00 
• C o nversely, eq. (26) may be used to determine 
cr of the material employing a sheet with a pin hole. The similar prob-
e 
lem of a plane sheet with a rigid circular inclusion is given in Append ix C. 
It may be remarked that the above analyses depend on the validity 
of the material characterization eq. (5). It is rather difficult to find an 
actual material that would r etain the same Neo-Hookean character at 
uniaxial strains, above 3 00 percent. For those being susceptible to crys-
tallization upon straining,eqs. (25) and (26) may be too conservative. 
V . SUMMARY A N D CONCLUSION 
The problem of a perforated sheet with equal biaxial tension and 
m large strain w as solved approximately by a variational method and 
checked experimentally. The solution is then used in discuss ing the energy 
criterion of fracture . ..!f. the approximate solution is accepted, then the 
conclusion is that the fracture behavior in plane stress is entirely different 
from that in plane strain. In plane strain an energy criterion was possible 
and found (Appendix B). In large deformation plane stress the w riter has 
not been able to ascertain the failure criterion, although the maximum 
direc t stress was calculated. The problem of passing from the large d efor-
mation plane stress to the limit of infinitesimal deformation plane stress 
remains unsolved. 
The problem of a plane sheet with a rigid circular inclusion wa s 
also discussed (Appendix C). 
In conclusion, the w riter must emphasize that the spirit of the pre-
sent study is in p os ing a question by carefully laying out the steps leading 
to it rather than in proposing a theory. The question: Is there an energy 
criterion for failure in large deformation plane stress? If there is, then 
w hat is it? Since this study does not provide support for the existence of 
an energy criterion, the problem is still wide open. 
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APPENDIX A: EXPERIMENTS ON RUBBER SHEETS WITH A 
CIRCULAR HOLE 
A number of experiments were performed on dental darn (latex 
rubber) sheets 6 1 ' O.D. and 0. 0075'' thick. Three central hole sizes 
were used: l/8 11 , 1/411, and 1;2". Thus measurements were obtained 
up to the station as far out as x = 40. On each specimen, concentric 
circles were drawn corresponding to various values of x. Then the 
central hole is punched, a large number (36) of strings were glued at 
equal spacings to the 0. D. of the sheet, and the sheet is stretched out 
gradually by pulling on the strings. The strings were tied one-by-one 
to an equal number of nails spaced around a large circle on a board. 
The ends of the string were carefully flattened and spread out to dis-
tribute the pull as evenly around the specimen as possible. As a result, 
the drawn circle at 5" diameter shows no noticeable sign of distortion 
after stretching and hence the reading at 2r = 5" is deemed reliable. 
No attempt w as made to measure the pulling forces. The chief aim of 
the experiments w as to verify the assumed displacements, eqs. (7). 
The experimental results w ere plotted in Figure 2 and Figure 3. 
On the same plots, those calculated from eqs. (7) were also given. 
There are two calculated curves for each A. , corresponding to whether 
a 
or not >--3 is included in the strain energy function W . {See last part of 
Section II of text.) This comes about because the relation between A. 
co 
and A. is slightly different for these tw o cases. For the case in which 
a 
>--3 is neglected, this relation is given by eq. (14). For the case in which 
>--3 is included, the analysis leading to eq. (14) must be repeated and, 
instead of eq. (14), the follow ing relation is obtained. 
A. 7- % (>-- +-1-) A. 6+Z A. 
co a jT"_ co co 
a 
1 (A. + _!__, ) = 0 
4 a r---
- 15-
,.; A._ 
a 
(A1) 
For each of the three values of A of Figures 2 and 3, eq. {Al) 
a 
has only one possible real root. It seems that on the average eq. {Al) 
does give a better fit of A values to the experimental ones. However, 
co 
eq. (A1) does not give a very simple algebraic relation between A and 
CD 
A Hence, for the purpose of bringing out the main idea, especially 
a 
in Section IV, eq. (14) is still adopted for convenience. 
It may be w orthy of note that in Figure 2, there are three dif-
ferent e x perimental A values corresponding to three different 2a/ h 
co 
values. The theoretical curve w ith A3 neglected fits the experimental 
one with the largest hole ( t 11 dia., 2a/ h = 66. 7) be st. The theoretical 
curve w ith A3 included fits the experimental one with 2a/h = 34.6 (i.e. i 11 
hole) best. In view of this, the improvement eq. (Al) actually becomes 
less significant and hence the use of the approx imate eq. (14) for the 
discussion in the text is further justified. There is how ever a rather 
important point here. Recalling that in infinitesimal elasticity, the 
thickness effect is certainly unimportant for 2a/ h > 10, say. In the pre-
sent experiments, the thickness effect is clearly evident for 2a/ h several 
times 10 • The significance of this observation can only be explained by 
careful further study. At this point however, it suffices to say that the 
validity of the criterion for the plane stress approximation cannot be as 
simple as that used in infinitesimal elasticity. 
Generally speaking, the assumed displacements of eqs. (7) are in 
fair agreement w ith the experimental values, thus fulfilling the original 
aim of our experiment. 
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APPENDIX B: FRACTURE INITIATION IN PLANE STRAIN 
Following the mode of attack of Ref. 3, the criticality condition 
is embodied in the energy balance equation 
(Bl) 
where ul =external work, u2 =strain energy, and u3 =surface energy. 
Let the r adius of the cylindrical cavity be a and A, before and 
after deformation respectively. Then the incompressibility condition is 
21T(R2 - A 2 ) = 2'1T(r 2 - a 2 ) =constant. Writing A.a =A/a, \ = B / b, where 
band Bare some la r ge radius, before and after deformation respectively, 
. 2 2 2 2 
then the inc ompressibility condition can be w r1tten a (A. a - 1) = b (\ - 1 ). 
From this , 
A. 2 
b = 1 + 
( ~ )2 (A. 2 
b a - 1) (B2) 
For a ~ 1 , b 
A. = b 
1 + _,1_ ( ~)2 (A. 2 2 b a - 1) + .•• {B3) 
2 Now u 1 = 2'1TBp(B -b) = 21Tpb A.b(\ - 1). From eq. {B3), we have 
then 
U = rrpa 2 (A. 2 - 1 ) 1 a 
To calculate u 2 , w e need p as a function of A.a 
Ref. 1, we can calculate 
p = 
A. ~ [log (~) - 12 (__!_ 
3 A.b A. 2 
a 
for the Ne o- Hookean solid. As b _, oo, A.b _, 1. Hence 
- 17-
(B4) 
From p. 91, 
(BS) 
and 
E l -2 p - -3 [ log f.. - 2 (t.. - 1) J a a 
u 2 = J "b 2rr(f..bb)pd(f..bb) = ~ Ea2 (t..a 2 - 1)log t..a 
1 
(B6) 
l 2 , a 2 2 
In the last step of (B6), \ d t..b = 2 d(f..b ) = 2 (b) d(t..a ) has been us ed. 
The surface energy is simply 
u3 = 2rra T 
(B7) 
Use of eqs . (B4), (B6) and (B7) in eq. {Bl) then gives 
2 rrp a ( f.. 2 - 1 ) 6 a = i TT E a ( f.. 2 - 1 )(1 o g f.. ) 6 a + 2 TT T 6 a 
c a a a 
(B8) 
w here 
p c = ~ [ l og "-a - ~ "a - 2 + ~ J (B9) 
Putting (B9) into (B8) and w riting k = 6T/ Ea as in Ref. 3, we 
obtain 
t.. 
4 
- (2 + k) f.. 2 + 1 = 0 
a a 
Eq. (B1 0) defines the critical ext ension r a tio 
f.. 2 = ~[ (2 + k) +)(2 +k)2 - 4 ] 
a 
c 
w hich w hen used in (B9) y ie lds the critical load p . 
c 
-18-
(B1 O) 
(B 11) 
APPENDIX C: STRESS CONCENTRATION FACTOR IN A PLANE SHEET 
WITH A RIGID CIRCULAR INCLUSION 
This problem differs from the perforated sheet problem only in 
the boundary condition at x = 1 • Here >..2 = 1, >.. 1 = >.. 0 = -f- at x = 1 3 
The assumed deformations (c orresponding to eqs. (7) for the 
perforated sheet) then take the form 
Hence 
I 'IT 2 Jy 2 2 U = W d Vol ~ 3 Eha [ A. 1 + >...2 - 3] x dx 
Vol 1 
'IT 2 -2 2 2 2 
= -3 Ehb y [>.. (y - 1) + 2A. (1 -2A. + t.. 0 )(y-1) + (1 - 2 >.. + >... 0 ) logy (X) (X) (X) (X) 
(C2) 
as y __, oo , 
1T 2 2 -1 -2 3 U = -3 Ehb [ A. t2A. (1-2A. tA. 0 )y +O(y )+··· --] (C3) (X) (X) (X) 2 
On the other hand, 
6 V = 21TBp 6 B 2 = 2rrpb A. 6A. 
(X) (X) 
(C4) 
Usings eqs. {C3) and (C4) in the variational equation 6 (U- V ) = 0, 
- 19-
== 3p A 
Eh oo (CS} 
Since 3 P == 1 , just like the case of the perforate d sheet, w e obtain Eh 
No~v at the inclusion 
Eh 2 A 2) Eh 1 2 1 Eh Tl :: 3 A3{A1 :: 3 ~ (Ao - 2> ~ 3 Ao • i.e . 3 
o A. 0 
E 2 
:: TAo 
!ili.. A (A. 2 A. 2) Eh 1 (1 - __L) T2 T2 = :: -3-~ i.e. {)8 = A3h 3 3 2 3 A. 2 
0 
Since AO .2 1 alw ays, () > {)8 at the inclusion. Hence only () 
r r 
in the stress concentration factor calculation in this case. 
() 
r 
() 
00 
(C6) 
Tl 
() 
:: A3h r 
E 1 
= -(1 - -3 A. 2 
0 
is sig nificant 
(C7) 
Comparing eqs . (C7) and (25 ) it is thus seen that the strength of the 
sheet with an inclus ion is roughly the same as that of the perforated sheet. 
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